Fractional Chern Insulators and the Woo Algebra 
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A set of recent results indicates that fractionally filled bands of Chern insulators in two dimensions 
support fractional quantum Hall states analogous to those found in fractionally filled Landau levels. 
We provide an understanding of these results by examining the algebra of Chern band projected 
density operators. We find that this algebra closes at long wavelengths and for constant Berry cur- 
vature, whereupon it is isomorphic to the Woo algebra of lowest Landau level projected densities first 
identified by Girvin, MacDonald and Platzman [Phys. Rev. B 33, 2481 (1986).] For Hamiltonians 
projected to the Chern band this provides a route to replicating lowest Landau level physics on the 
lattice. 



Introduction: Much of the theory of the quantum Hall 
effect is tied to the celebrated Landau levels (LLs) — the 
non-dispersing energy states of free electrons in a uni- 
form magnetic field. A fruitful line of inquiry has focused 
on separating quantum Hall physics from this weak lat- 
tice limit. In the case of the integer quantum Hall ef- 
fect (IQHE), Thoulcss and co-workers [l| showed that 
the Hall conductance is quantized even in the presence 
of a strong periodic potential, where the energy bands 
are no longer flat, as long as the chemical potential lies 
in a gap between the bands. They did so by relating 
the conductance to a mathematical invariant, the first 
Chern number, associated with the filled bands. Sub- 
sequently, Haldane (H showed, through an explicit con- 
struction of a tight-binding model of a "Chern band in- 
sulator" (CBI) that a quantized Hall conductance could 
be obtained even in the absence of a net magnetic field so 
long as the filled bands still came with non-trivial topol- 
ogy i.e., nonzero Chern numbers. This thus established 
an equivalence between filled CBs and filled LLs. A nat- 
ural question that then arises is whether such an equiv- 
alence also holds for partially filled CBs and partially 
filled LLs — specifically whether the fractional quantum 
Hall effect (FQHE) arises in a partially filled CB in a 
lattice system. 

A flurry of recent work has shed much light on this 
question. Several authors 0-13 have constructed mod- 
els with nearly flat (non-dispersing) Chern bands which 
allow interactions to dominate at partial fillings while 
leaving the gap to neighboring bands open. References 5| 
and |6| and, most convincingly, Regnault and Bernevig 7| 
have reported evidence for the v = l/Z and 1/5 FQHE in 
finite-size studies of short-ranged interactions projected 
to these bands. A partial understanding of these nu- 
merical results is already available: applying a general- 
ized Pauli principle familiar from the lowest Landau level 
(LLL) FQHE rationalizes some aspects of the results 0, 
while Qi Q has constructed a fairly general recipe for 
translating familiar model wavefunctions and Hamiltoni- 
ans from the LLL to CBs on cylinders by elegantly map- 



ping Landau gauge eigenfunctions to particular Wannier 
fimctions. 

In this paper we offer a complementary perspective 
on the CB — LLL equivalence. As in the earlier work 
we start by distinguishing the kinematical and dynam- 
ical aspects of obtaining QH physics in a CB. The lat- 
ter involve an appropriate choice of band structure and 
interaction Hamiltonian but the former requires an ap- 
propriate identification of the algebra of operators in the 
two systems. Specifically, in both the CB and the LLL, 
the projected Hamiltonians that include interactions and 
scalar disorder involve only the projected particle density 
operators and thus the nontriviality of the physics enters 
precisely through the nontriviality of the algebraic re- 
lations between the different Fourier components of the 
densities. For the LLL the density operators obey the so- 
called Woo algebra first constructed by Girvin, Macdon- 
ald and Platzman Q . We show that at long wavelengths 
and in a natural limit (constant Berry curvature) den- 
sities projected to the CB obey the same algebra. This 
implies that mutatis mutandis LLL physics can be trans- 
ported to the CB. We also note that this implies that the 
cartesian components of the particle positions projected 
to the CB fail to commute, much like guiding center co- 
ordinates in the LLL. In what follows we review the Woo 
algebra for the LLL, show how it arises in a CB in d = 2, 
argue that it allows LLL physics (impurity and FQHE) 
to be translated to the CB and discuss generalization of 
the density algebra to other topological insulators, which 
appears to us to be a promising route to understanding 
their fractional physics. 

Projection to the Lowest Landau Level: We be- 
gin by recalling some details of the projection to the 
LLL |19| which captures the essential features of the 
FQHE in the high field limit [l3|- Consider an electron 
in an external magnetic field B = — i?z, described by 
the Hamiltonian 7J = 2^ (p -I- |A) . The motion of the 
electron can be separated into the fast cyclotron motion 
and the slower drift of the guiding center of its orbit. 
Working in symmetric gauge and with /i = 1, this can 
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be implemented by decomposing its position r into two 
parts, r = (^r + z x p) + (^r — zxp) = 77-|-R which 
obey the commutation relations [r]x,ily] = *^b7 i^x, Ry] = 
—ii\,[r]i,Rj\ = where = (c/ei?)^/^ is the mag- 
netic length. In terms of these variables, the Hamil- 
tonian depends purely on the cyclotron coordinates r;, 

2 

H = 2mi^ ' ^hich (owing to the fact that the compo- 
nents of r] are conjugate) has the familiar oscillator spec- 
trum of a series of Landau levels, with En = ('t^ + 5) 
where ujc = eB /mc is the cyclotron frequency. Since H 
commutes with the guiding center coordinates R, each 
energy level is extensively degenerate with a degeneracy 
given by A^$. the number of flux quanta threading the 
sample. 

When the number of electrons N is smaller than iV$, 
we have a partially filled n = LL massively degener- 
ate in the kinetic energy; we must therefore include the 
effect of interactions. A reasonable starting point is to 
project the interactions into the degenerate subspace; the 
effect of the projection is to replace 77 -dependent expres- 
sions by their LLL expectation values e.g. {rf) = ^b- 
The density operator, pq = e''^ '' is projected as PpqV = 
Q-<]'(%/-iQ-t<i-'R ^ e~'^^B/4p^ where we have factored out 
a g-dependent constant in the definition of the projected 
density [2^. Since [Rx,Ry] — we can show that 

the satisfy the VFoo/Girvin-MacDonald-Platzman al- 
gebra Q 

bqi ' Pq-A = 2* Sm ( I pq^+q^ (1) 

where qi A q2 = z • (qi x q2 ) . This algebra arises in several 
contexts and has the interpretation of a quantum defor- 
mation of the algebra of area- preserving diffeomorphisms 
on the plane as well as that of magnetic translations in 
a uniform field as discussed, e.g. in 

Along with the above commutation relations, the 
Hamiltonian 

q 

+ 5^M„.p(q)e-«^^-/Vq, (2) 
q 

which is the projection of a density-density interaction 
and an impurity potential into the LLL, completes the 
low-energy description of the fractional quantum Hall ef- 
fect. [In passing from ([1]) to ([2]) we reinterpret Pq as the 
density of a many electron system. As the latter is ad- 
ditive over the individual particle densities, it also obeys 
the algebra ([T]).] While still formidable, the LLL prob- 
lem has been solved by a variety of different approaches, 
most notably by guessing trial wavefunctions for FQH 
states in the clean limit. The essential point for this 
paper is that if we can construct a similar low-energy 
description for a Chern insulator, then the familiar frac- 
tional quantum Hall technology can be applied ~ with 



suitable modifications to account for the different nature 
of the single-particle states - to the problem of interact- 
ing Chern insulators. 

Projection to the Chern Band: We begin by fix- 
ing notation and recalling some basic facts. An insulator 
with TV bands is described by the single-particle Hamilto- 
nian H = Y.\^,a,b^Ka^ab{k)c\^,b where a, 6 = 1, 2, . . . ,7\/' 
are sublattice/spin indices, and k is the crystal momen- 
tum restricted to the first Brillouin zone (BZ). (Here and 
below, we will explicitly indicate when repeated indices 
are summed over.) The solution of the Af x Af eigen- 
value problem habO^)u" (k) — ea(k)M"(k) defines the 
energy bands and we will take the eigenvectors to be 
normalized, |M"(k)|2 = 1. The corresponding eigen- 
states are given by 

|k,«)=7U|0) ^ E<W<alO) (3) 

a 

= ^<(k)e^'^-(^'+^")|z,a) (4) 

where Ri and e^ label the Bravais lattice and unit cell 
coordinates respectively and \i,a) corresponds to a tight- 
binding orbital centered at R^ + ea- Specializing to two 
dimensions, the Chern number of a given band a is com- 
puted as 

Co.^^ f d'fcB„(k). (5) 

Here, BaO<.) is the Chern flux density (Berry curvature), 
which in terms of the eigenstates is 

6„(k) = z[V(k,a|] X [V|k,a)] 

AT 

= ^.E^'''^^'^v<*WVfe„^^?(k). (6) 

6=1 

A flUed band with Chern number Ca yields a Hall con- 
ductance an — CaC^/h regardless of whether it arises 
in a system with a net magnetic field Q ("Hofstadter 
band") or zero net magnetic field 0] ("Haldane band"). 
We shall refer to both as Chern bands. 

As announced, we are interested in the restriction of 
the kinematics to a single CB which can be implemented 
by use of the projection operator Va = |k, a) (k, a\. It fol- 
lows that the density operator pq = e''^ '' when projected 
onto the CB takes the form 

Pq ^ rM^)r. - E (e <* + f ) < ('^ - f ) ) 

XTk+a.^Tk-a.^ (7) 

At long wavelengths qa <S 1, we may expand 
<* (k + f X (k - f ) « 1 + zq . Efc ur (k) (k) 
«e^O2'^'^'-4=(k')^30 that 

Pq|k,a)«e'/^*''^'''-^"('^')|k + q,«) . (8) 
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In other words, for small q, implements parallel 

transport in the Berry gauge potential Aa (k) eorrespond- 
ing to Berry curvature ^^(k) — Vk x ^^(k). Either 
from this observation or via a gradient expansion, we 
may show that at long wavelengths, the commutator of 
projected density operators at different wavevectors is 



3. Alternatively, if the deviation of the Berry curva- 
ture from its average value is bounded, |i3Q(k) — 
Ba\ < \Ba\ — e, we may define a 'smoothed' den- 
sity operator which may be regarded as the projec- 
tion of an operator p'^ (r) local in position space; for 
<C 1 this gives a modified form of ([HI) 



i3„(k)5^<* (k+X (k-) 



X7k+,a7k- 



(9) 



where we define k± = k ± Finally, let us assume 

that the local Berry curvature Ba (k) can be replaced by 
its average 



Ba = 



A 



BZ 



(10) 



over the BZ; here Abz = Cq/o^ is the area of the BZ, 
with a the lattice spacing and cq a numerical constant 
depending on the unit cell symmetry. This yields. 



(11) 



which is identical to the long- wavelength limit of the den- 
sity algebra Q for the LLL, with ^^^^ ^'^c^° « play- 
ing the role of the magnetic length Ib- 

Eqn. is our central result and various remarks are 
in order concerning it: 

1. We can define a coarse grained, projected, position 



operator as Vcg = XcgX + ycgf 
lows from Eqn. (fTTj) that 



hm 



[Xcg, Vcg] 



-iBa 



It fol- 



(12) 



which identifies the Vcg with the guiding center po- 
sition operator in the LLL. 

2. For a system of N unit cells there are N points in 
the BZ. If BaOi) is truly constant we can define a 
set of N parallel translation operators Tq for which 
dS]) holds exactly: 



rq|k,«)==e^/.'^'''^'^'-^°(''')|k + q,a) 



(13) 



The algebra of the Tq is thus exactly of the Woo 
form ^ without a long- wavelength restriction. We 
note that the Tq are trivially isomorphic to mag- 
netic translation operators for a system with N 
sites and flux 1/7V per unit cell and it is straightfor- 
ward to check that the states in the band form an N 
dimensional irreducible representation of their alge- 
bra 12] ■ From this perspective the idealization of a 
constant curvature CB hosts a Woo algebra whose 
long- wavelength generators coincide with the phys- 
ical density operators. 



At long wavelengths, the algebra of smoothed den- 
sities closes, and in this limit (|lip is an exact equal- 
ity when Pq is replaced by Pq. 

4. Both the "Hofstadter" and "Haldane" problems 
give rise to (IllL which unifies an earlier lattice 
FQHE study [13| with the ones considered here. 

5. This last observation can be used to get nearly con- 
stant curvature bands by approaching the Landau 
level limit on the lattice, i.e. by picking flux 1/q 
per plaquette and working the lowest subband at 
large q. We believe that constant curvature bands 
can also be obtained for an arbitrary CB model. 

6. Finally, readers familiar with the LLL problem will 
note that there the Woo algebra in a system with N 
states is generated by density operators while 
in the CB there are only N densities (or Tq if one 
wishes to work with a closed algebra) . This distinc- 
tion arises as the LLL is formally deflned on a con- 
tinuous space but is without fundamental dynam- 
ical signiflcance as the relevant momenta, g^s < 1 
are 0{N) in the LLL as well. For example, it was 
shown in jl4| that keeping only this set of momenta 
keeps the entire physics of the quantum Hall local- 
ization transition in the LLL. However this count- 
ing discrepancy does have the consequence that the 
algebra of the densities themselves must close in the 
LLL at all q which is not the case in the CB. 

Interactions and Disorder: We have argued above 
that it is possible to construct lattice models with nearly 
constant curvature for which the algebra (fTTj) is realized 
to an excellent approximation. Evidently if we can ignore 
the variations in curvature and replace the Pq by Tq in 
the Hamiltonian we will have mapped accurately be- 
tween the LLL and CB problems at the same fractional 
fllling. Our remaining task is to argue that we can often 
ignore the residual variations anyway. For a problem with 
sufficient disorder, most notably the problem of localiza- 
tion within the CB, we expect that impurity scattering 
will effectively lead to an averaging of the curvature over 
the band. This is consistent with what is known about 
the QH transition in Chern insulators [HI although a di- 
rect test in the projected CB would be desirable. For 
the formation of FQH states we appeal to the stability of 
topologically ordered states to arbitrary perturbations. 
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Intuitively, we expect to be able to trade the extra pieces 
in the density commutators for terms in the Hamiltonian. 
For sufficiently constant curvature bands and sufficiently 
strong quantum Hall states, these extra terms should not 
destabihze the FQHE. 

Concluding Remarks: This paper has been concerned 
with establishing a correspondence between a CB and 
the LLL; the existence of QH physics in both problems is 
traced to a common source in the nontrivial. Woo , algebra 
of long- wavelength densities. Intuitively, the nontrivial- 
ity of the algebra is needed for the densities to do some- 
thing other than simply condense and break translational 
symmetry when an interaction is introduced into a flat- 
tened band. This suggests that a program of identifying 
density algebras for other topologically nontrivial bands 
(sets of bands) in various dimensions could be fruitful 
in generating new physics upon inclusion of interactions 
when such bands are partially filled. Here we make a few 
comments in that direction. 

Consider projecting onto a set of bands. For an inter- 
esting dynamical problem to arise it will be necessary for 
these bands to be nearly degenerate (possibly exactly on 
account of symmetry) and nearly flat but we are again 
interested in the kinematics of projection. The projected 
density operator pq now has a nontrivial structure in the 
band index, so that the analog of ([5]) is 



p Jk,a) 



E 

/3 



pa 



1/3, k + q) (15) 



where ^^^(k) = X^fo *(k)^'"6 (k) is the non-abelian 
vector potential, and the term in square brackets is un- 
derstood as a matrix exponential. At long wavelengths. 



k,Q,(T,/3 



where J-" = dA — i[A, A\ is the non-abelian Berry curva- 
ture. Let us specialize to cases where T is nearly constant 
up to a gauge transformation. It can then be replaced 
by its BZ average J^, and the long-wavelength algebra 
simplifies to an intertwined generalization of Woo '■ 



i qi A q2 J" • p, 



qi+q2 ■ 



(17) 



where we have assumed a matrix product in the band 
indices. 

In two dimensions, A{k) and J- can always be globally 
diagonalized by gauge transformation. Hence in the long- 
wavelength limit, the density operators can be labeled by 
a new "band" index, such that densities with different in- 
dices always commute while those with the same index 
exhibit the standard Woo commutators. If the interac- 
tions are chosen to respect this structure, one obtains 



a mapping to a multicomponent quantum Hall system 
with different components potentially experiencing dif- 
ferent strength magnetic fields. For example, in the case 
of topological insulators with time-reversal symmetry in 
two dimensions, a basis of time-reversal conjugate bands 
may always be found [31 where the two bands have odd 
Chern numbers, which are the same in magnitude and 
opposite in sign and this leads to the fractional quantum 
spin Hall effect [l7|. We note though that generic inter- 
actions will not decompose naturally in such a basis. For 
d > 2, it is not in general possible to globally diagonalize 
the Berry connection and now the problem is intrinsically 
non-abelian and worthy of further study. We conjecture 
that in d = 4 this approach will lead to fractional states 
for bands with a non-zero second Chern number, possibly 
related to the ones studied in [l^l . 
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